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Abstract
We study E8 ×E8-heterotic string on asymmetric orbifolds associated with semi-
simple simply-laced Lie algebras. Using the fact that E6-model allows different twists,
we present a new N=1 space-time supersymmetric model whose supercurrent appears
from twisted sectors but not untwisted sector.
In searching for “realistic” 4-D string theories, there are some desirable phe-
nomenological requirements. In this paper, we will give careful consideration to the
preservation of N=1 space-time supersymmetry. In order to obtain 4-D string theories
from 10-D heterotic string theory[1], the preservation of N=1 space-time supersym-
metry have played an important role of a guiding principle for the model selection.
Toroidal orbifold compactification[2] will be one of the simplest methods to construct
the models and has rich contents. Orbifolds are defined by dividing tori with discrete
rotations θ. It is convenient to introduce complex coordinates Y i = 1√
2
(X2i−1+ iX2i),
Y¯ i = 1√
2
(X2i−1 − iX2i), (i=1,...,3). In this basis, the rotations are generated by
θ = exp2pii[v1J12 + v2J34 + v3J56], (1)
where J ij are the SO(6) Cartan generators and vi satisfy Nvi ∈ Z and the eigenvalues
can be diagonalized of the form e2piiv
i
. Then the condition for the preservation of N=1
space-time supersymmetry is given by
± v1 ± v2 ± v3 = 0, (2)
for some choice of signs[2]. However, we have to emphasize that this condition is
for symmetric orbifold models but not for asymmetric ones. We should not confuse
the conditions for symmetric orbifold models with those for asymmetric ones. We
will consider left-right asymmetric orbifold models[3] with left-right different twists
θL, θR. It seems natural to study the asymmetric orbifold models because of the
asymmetric nature of the heterotic string theory. For asymmetric orbifold models, the
condition (2) is not necessarily required for the construction of N=1 supersymmetric
models. The main purpose of this paper is to show an example of 4-D N=1 space-time
supersymmetric heterotic string theories without satisfying the condition (2).
We start by describing the ingredients of the heterotic string in the light-cone
gauge. The heterotic string consists of eight left-moving bosonic fields X iL(σ+τ), (i =
1, ..., 8) and extra sixteen fields XIL(σ+ τ), (I = 1, ..., 16). Right-movers include eight
bosonic fields X iR(σ − τ), (i = 1, ..., 8) and Neveu-Schwarz-Ramond (NSR) fermions
λi(σ− τ). We will introduce bosonized fields H t (t=1,...,4) instead of NSR fermions,
whose momenta lie on the weight lattice of SO(8). Then NS sector corresponds to
the vector representation and R sector corresponds to spinor representation of SO(8)
respectively. In order to obtain a 4-D string theory, 22 left-moving and 6 right-moving
string coordinates have to be compactified on tori, orbifolds or some manifolds such as
Calabi-Yau manifolds. In this paper, we restrict our consideration to orbifold models,
especially on asymmetric orbifold models.
Orbifolds O are defined as quotient spaces of tori T by the action of discrete
rotations θ. Now we will consider the following models,
O =
T6L+R
ZN
×TE8×E8L , (3)
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where ZN is a discrete group and acts as isometries of the six-dimensional lattice with
order N ; ZN = {θ
l, l = 0, ..., N−1}. When we divide the left- and right-movers in the
same manner, we will obtain symmetric orbifold models[4]. If they are not the case,
we will obtain asymmetric orbifold models. In the case of the asymmetric orbifold
models, the twists act on the string coordinates as follows:
(XL, XR)→ (θLXL, θRXR). (4)
In order to construct the models explicitly, we will restrict the defining tori TL+R6
such that they are spanned by root or weight vectors associated with semi-simple
simply-laced Lie algebras G with rank 6. Let us consider the momentum lattice Γ6,6G .
For the sake of modular invariance of the one-loop partition function, the lattice has
to be a Lorentzian even self-dual lattice[5],
Γ6,6G = {(p
i
L, p
i
R)| p
i
L, p
i
R ∈ ΛW (G) and p
i
L − p
i
R ∈ ΛR(G)}, (5)
where ΛW (G) (ΛR(G)) is the weight (root) lattice of G and the root vectors are
normalized as their squared length is two. Then these choices of the lattices limit the
twists θ because they have to be automorphisms of the lattices. G may be given by all
possible combinations of the following groups allowing the multiplicity with total rank
6: {SU(2), SU(3), SU(4), SU(5), SU(6), SU(7), SO(8), SO(10), SO(12), E6 }. We
select the models such that the automorphisms are inner ones. Moreover, throughout
this paper, we restrict our attention to the ZN -orbifold models whose ZN -twists θ
l
(l = 1, ..., N − 1) leave only the origin fixed. These allowed inner automorphisms are
classified in ref.[6]. Under these restrictions, we find that there are four candidates,i.e.,
T
SU(3)3
Z3
, (v1, v2, v3) = (1
3
, 1
3
, 2
3
),
TE6
Z3
, (v1, v2, v3) = (1
3
, 1
3
, 2
3
),
TSU(7)
Z7
, (v1, v2, v3) = (1
7
, 2
7
, 3
7
),
TE6
Z9
, (v1, v2, v3) = (1
9
, 2
9
, 5
9
).
(6)
We attempt to construct 4-D N=1 space-time supersymmetric models from these
models. It is known that for the preservation of 4-D N=1 space-time supersymmetry,
vi must satisfy the condition (2) in the case of symmetric orbifold models. Therefore,
these four models (6) will have N=1, 1, 1 and 0 space-time supersymmetry respectively
if they are symmetric orbifold models. However, for asymmetric orbifold models,
the above condition for the preservation of 4-D N=1 space-time supersymmetry is
too restrictive. In the previous papers[7], we investigated the supersymmetry of
the E8 × E8-heterotic string theories on asymmetric orbifolds of a “chiral” type ;
ZN : (XL, XR) → (XL, θXR) and found that the four models possess N=2, 4, 4
and 4 space-time supersymmetry respectively. In the asymmetric Z9-orbifold model,
the shift vector (v1, v2, v3) = (1
9
, 2
9
, 5
9
) does not satisfy the condition (2) and in fact
this shift breaks the supersymmetry in the untwisted sector. However, supercurrents
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appear from the twisted sectors because the ground state of the untwisted left-movers
has eigenvalue zero with respect to the zero-mode of the Virasoro operator L0 and (0,
1) conserved currents exist. These currents play a role of “twist-untwist intertwining
currents”. The twist-untwist intertwining currents convert untwisted sector to twisted
ones and vice-versa and possess a conformal weight (1, 0) or (0, 1)[8]. Then the
total Hilbert space becomes to possess N=4 supersymmetry. These four models are
interesting in itself, however, not realistic as they are. We have to construct other
class of asymmetric orbifold models to make the models more realistic with N=1
space-time supersymmetry.
We will analyze the E8 × E8 heterotic string theory whose extra six-dimensional
space is compactified on an asymmetric orbifold associated with the Lie algebra E6.
We know that this model allows two different twists, Z3- and Z9-twists. Let us
consider the model whose left-moving string coordinates are living on a Z3-orbifold
and the right-moving ones are on a Z9-orbifold. Then the twists act as follows:
(XL, XR)→ (θLXL, θRXR), θ
3
L = 1, θ
9
R = 1. (7)
In the complex basis, the rotation matrices can always be diagonalized
θL = diag[exp2pii(ξ
(1)
1 , ξ
(1)
2 , ξ
(1)
3 )], (8)
θR = diag[exp2pii(η
(1)
1 , η
(1)
2 , η
(1)
3 )], (9)
and the left-Z3 and right-Z9 model has components ξ
(1) = (1
3
, 1
3
, 2
3
), η(1) = (1
9
, 2
9
, 5
9
).
Because of the choice of the twists, we can expect that (0, 1) states appear only
from θ3- and θ6-twisted sectors and supercurrents appear from these sectors. Before
analyzing these states, we will consider the one-loop partition function of the θl-
twisted sector twisted by θm in order to confirm the consistency of this model. The
partition function is given by
Z(θl, θm) = Tr(θmqL0−D/24q¯L¯0−D/24), q = exp(2piiτ), (10)
where the trace is taken over the Hilbert space of the θl-sector and L0(L¯0) is the
zero mode of the left-(right-) moving Virasoro operators. The necessary condition for
modular invariance is then given by invariance under the transformation τ → τ+N/d,
where d = (l, N) is the greatest common divisor of l and N . In ref.[9], it is shown that
the following condition is the necessary and sufficient condition for modular invariance
and is called the level-matching condition,
N
d
(L0 − L¯0) = 0 mod 1. (11)
For our purpose, it is sufficient to check the level-matching for the massless states
which concern the symmetries. The mass formulae for θl-twisted sector (l=0, for
3
untwisted sector) are given by
1
8
(m
(l)
L )
2 =
{
1
2
∑6
i=1(p
i
L)
2 + 1
2
∑16
I=1(p
I
L)
2 +N
(l)
L − 1, for l = 0, 3, 6,
1
2
∑16
I=1(p
I
L)
2 +N
(l)
L + E
(l)
L0 − 1, for l 6= 0, 3, 6,
(12)
1
8
(m
(l)
R )
2 =
1
2
6∑
i=1
(piR)
2δl,0 +
1
2
4∑
t=1
(pt + lvt)2 +N
(l)
R + E
(l)
R0 −
1
2
, (13)
where N
(l)
L and N
(l)
R are the number operators. E
(l)
L0 and E
(l)
R0 are contributions from
twisted oscillators to the zero-point energy and are given by
E
(l)
L0 =
1
2
3∑
i=1
ξ
(l)
i (1− ξ
(l)
i ), ξ
(l)
i = lξ
(1)
i mod 1, 0 < ξ
(l)
i < 1, (14)
E
(l)
R0 =
1
2
6∑
i=1
η
(l)
i (1− η
(l)
i ), η
(l)
i = lη
(1)
i mod 1, 0 < η
(l)
i < 1. (15)
In the untwisted sector, not all massless states will survive under the generalized
GSO projection introduced for the sake of modular invariance. Since the projection
operator has a form of P = exp2pii(
∑4
t=1 pˆ
tvt) with v4 = 0, we find that the physical
massless states are obtained as follows:
|pt = (0, 0, 0,±1) >untR ⊗ α
a
L−1|0 >L, a = 1, 2,
where a is a space-time index in the light-cone gauge. These states correspond to
graviton, antisymmetric background field and a scalar field and
|pt = (0, 0, 0,±1) >untR ⊗


αIL−1|0 >L
|(pIL)
2 = 2 >L
αiL−1|0 >L
|(piL)
2 = 2 >L
correspond to Yang-Mills fields. It should be emphasized that there is no superpartner
in this sector. Let us consider the twisted sectors. Because of our choice of the model,
the contributions from the twisted oscillators to the zero-point energy are given by
(E
(l)
L0, E
(l)
R0) = (
1
3
, 7
27
), (l 6= 3, 6) and find that there is no massless superpartner in these
sectors since massless states cannot have space-time indices. However, for the θ3- and
θ6-sectors, the orbifold becomes chiral type with (E
(l)
L0, E
(l)
R0) = (0,
1
3
), (l = 3, 6) and
the massless states are given as follows:
θ3-sector:
|pt = (−
1
2
,−
1
2
,−
3
2
,
1
2
) >θ
3
R ⊗ α
a
L−1|0 >L, a = 1, 2
|pt = (−
1
2
,−
1
2
,−
3
2
,
1
2
) >θ
3
R ⊗


αIL−1|0 >L
|(pIL)
2 = 2 >L
αiL−1|0 >L
|(piL)
2 = 2 >L
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θ6-sector:
|pt = (−
1
2
,−
3
2
,−
7
2
,−
1
2
) >θ
6
R ⊗ α
a
L−1|0 >L, a = 1, 2
|pt = (−
1
2
,−
3
2
,−
7
2
,−
1
2
) >θ
6
R ⊗


αIL−1|0 >L
|(pIL)
2 = 2 >L
αiL−1|0 >L
|(piL)
2 = 2 >L
These are superpartners of gravity and Yang-Mills fields. Together with these states,
we can conclude that this model has N=1 supergravity and super Yang-Mills multiplet
and realizes the N=1 space-time supersymmetry. Here, we have to mention that the
degeneracy of the ground states in the θ3- and θ6-twisted sectors is given by
n =
√
det(1− θlR)
VΛR(E6)
= 3, l = 3, 6, (16)
where VΛR(E6) is a volume of the unit cell of ΛR(E6). In order to evaluate the physical
states, a detailed analysis of the one-loop partition function is required. For ZN -
orbifolds with non-prime N, a further non-trivial projection appears.
Z(τ)θ3−sector =
1
9
8∑
m=0
Z(θ3, θm; τ), (17)
Z(τ)θ6−sector =
1
9
8∑
m=0
Z(θ6, θm; τ). (18)
Expanding these partition functions in powers of q = e2piiτ and q¯ = e2piiτ¯ , we can show
that one of the three degeneracy states survives.
The supercurrents are constructed from fermion vertex operators[10]. In the co-
variant formalism, they are constructed by introducing a spin field e−φ/2 and five free
scalar fields Hν (ν=1,...,5) representing the NSR fermions through bosonization. The
fermion vertex operators for the untwisted sector are given by
V− 1
2
= e−φ/2eiαsHeikX , (19)
and for the θl-twisted sector
V− 1
2
= e−φ/2ei(αs+v
(l))HeikXΛ, (20)
where e−φ/2 is a spin field with conformal dimension 3
8
for the (β, γ) superconformal
ghost system. αs are spinorial weights of SO(10), αs = (±
1
2
, ...,±1
2
) with even number
of + signs and v(l) = (0, 0, v
(l)
1 , v
(l)
2 , v
(l)
3 ), v
(l)
i = lvi mod 1, 0 < v
(l)
i < 1. k
µ is a 4-
dimensional momentum. Note that we replace SO(8) by SO(10) in order to describe
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in the covariant formalism. Λ is a twisted field which creates twisted vacuum out of
the untwisted one and is defined by
Λ(0)|0 >= |Λ > . (21)
The conformal dimension of the twist field Λ is easily calculated by
1
2
3∑
i=1
η
(l)
i (1− η
(l)
i ). (22)
If the conformal weight of the supercurrents is (1, 0) and these currents will play a
role of twist-untwist intertwining currents. It is convenient to rewrite the fermion
vertex operators into the form that 4-D space-time supersymmetry is manifest:
V α− 1
2
(z¯) = e−φ/2SαΣ(z¯), (23)
V α˙− 1
2
(z¯) = e−φ/2Sα˙Σ†(z¯), (24)
where Sα are the spin fields given as exponentials of two free bosons H1,2 with con-
formal dimension 1
4
and Σ(Σ†) are dimension 3
8
fields constructed from exponentials
of three free bosons H3,4,5 and Λ. Then the 4-D supersymmetry charges are given by
Qα =
∮
dz¯V α−1/2(z¯), Qα˙ =
∮
dz¯V α˙−1/2(z¯), α = (±
1
2
,±1
2
), α˙ = (±1
2
,∓1
2
).
We gave a new 4-D N=1 space-time supersymmetric model compactified on an
asymmetric orbifold associated with the Lie algebra E6. Here, we restricted the
models whose ZN -twists θ
l (l = 1, ..., N − 1) did not have fixed direction. Under this
condition, Z3- and Z9-twists are allowed for the E6-model. We divided the bosonic
left-moving string coordinates with the Z3-twist and the right-moving superstring
coordinates with the Z9-twist. The Z9-twist does not satisfy the condition for the
preservation of N=1 space-time supersymmetry ±v1 ± v2 ± v3 = 0 for any choice
of signs. We found that this model has no fermionic massless state in the untwisted
sector. However, supercurrents appear from θ3- and θ6-twisted sectors and N=1 space-
time supersymmetry is realized in the total Hilbert space. Then the supercurrent is
given by the form of eqs.(23) (24) and plays a role of intertwiner between untwisted
and twisted sectors. It is remarkable that all matter fields appear from the twisted
sectors.
There may be some other examples which possess 4-D N=1 supersymmetry in
the same way. In this paper we did not treat the gauge sector and we thought non-
embedding models. The standard embedding, non-standard embedding and Wilson-
line mechanism will be able to consider so as to satisfy modular invariance for these
models.
The author is grateful to Dr. M. Sakamoto for suggestive discussions and for
careful reading of the manuscript.
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